In this paper we analyze a new dual mixed formulation of the elastodynamic system in polygonal domains. In this formulation the symmetry of the strain tensor is relaxed by the rotational of the displacement. For the time discretization of this new dual mixed formulation, we use an explicit scheme. After the analysis of stability of the fully discrete scheme, L ∞ in time, L 2 in space a priori error estimates are derived for the approximation of the displacement, the strain, the pressure and the rotational. Numerical experiments confirm our theoretical predictions.
Introduction
The purpose of this paper is the analysis of a finite element method for approximating the linear elastodynamic system using a new dual mixed formulation for the discretization in the spatial variables and an explicit Newmark scheme for the discretization in time. The explicit Newmark scheme is shown to be stable under an appropriate CFL condition. The analysis of an implicit Newmark scheme will be presented in [2] .
The analysis of a priori error estimates for the mixed finite element method of a second order hyperbolic system in regular domains using symmetric approximations of the stress was initiated in [1, 16] see also [15] . But to our knowledge a similar analysis for the dual mixed formulation of the linear elastodynamic system in non regular domains, introducing as a new unknown the strain tensor, was not yet done. Therefore the goal of this paper is to make this analysis. A priori error estimates are proved for the approximation of the displacement, the strain, the pressure and the rotational, firstly for the semi-discretized solution and then for the completely discretized solution by the explicit Newmark scheme in the time variable.
Over the last two decades there has been considerable interest in the area of mixed finite element discretizations of the corresponding stationary problem, i.e. the system of linear elasticity; let us quote, for example, [10, 3, 8, 9] . The main difficulty appearing in this problem is finding a way to take into account the symmetry of the strain tensor. In our approach, the symmetry of the strain tensor is relaxed by a Lagrange multiplier, which is nothing else than the rotation.
The outline of this paper is as follows: section 2 defines some notation, presents the model evolution problem we shall consider and recall two comparison results concerning continuous and discrete Gronwall's inequalities. In section 3, we define the new dual mixed formulation of the model evolution problem. Section 4 is devoted to some regularity results of the solution of our elastodynamic system in terms of weighted Sobolev spaces. In section 5, we introduce the semi-discrete mixed formulation and prove the existence and uniqueness of the solution for this formulation and recall some results concerning the inf-sup and coercivity conditions. Then, under some adequate refinement rules of meshes, we establish some error estimates on some interpolation operators and we prove an inverse inequality for the divergence operator. In subsection 5.1.1, we derive some error estimates between the exact solution of the mixed problem and the solution of the elliptic projection problem, which will be used in subsection 5.1.2 to derive the error estimates between the exact and the semi-discrete solution. Section 6 is concerned with the fully discrete finite element scheme: existence and uniqueness of the solution of the fully discretized problem, stability analysis and a priori error estimates between the exact solution and its fully discrete approximation for the explicit scheme. The proof of the error estimates rest on the introduction of an auxiliary problem: the elliptic projection problem. The numerical experiments of section 7 confirm our theoretical predictions. In section 8 we present conclusions.
Preliminaries and notations

The model problem
Let us fix a bounded plane domain Ω with a polygonal boundary. More precisely, we assume that Ω is a simply connected domain and that its boundary Γ is the union of a finite number of linear segmentsΓ j , 1 ≤ j ≤ n e (Γ j is assumed to be an open segment). We also fix a partition of {1, 2, · · · , n e } into two subsets I N and I D . The union Γ D of the Γ j , j running over I D , is the part of the boundary Γ, where we assume zero displacement field. The union Γ N , of the Γ j , j ∈ I N , is the part of the boundary Γ where we assume zero traction field.
In this domain Ω, we consider isotropic elastic homogeneous material. Let u = (u 1 , u 2 ) be the displacement field and f = ( The positive constants µ and λ are called the Lamé coefficients. We assume that
where 0 < µ 1 < µ 2 and 0 < λ 0 < λ 1 .
As usual, (u) denotes the linearized strain tensor (i.e., (u) = 1 2
(∇u + (∇u)
) and δ the identity tensor.
For reasons of simplicity in our theoretical analysis,we have chosen homogeneous boundary conditions on both Dirichlet and Neumann boundaries. The extension to non homogeneous boundary conditions is done without difficulty. Let us note that numerical tests (see section 7) are made under the non homogeneous surface traction . In the sequel, we will use the following notation. For τ = (τ ij ) ∈ [H(div ; 
, we recall that
As usual, we denote by L will be written (., .).
, then we denote by
We now introduce the Hilbert space
Finally, in order to avoid excessive use of constants, we use the following notation: a b stand for a ≤ c b, with positive constants c independent of a, b, h and ∆t.
Gronwall's inequalities
In this section, we recall two comparison results [19] , which will be useful in the stability and convergence analysis of our problem. Let φ(.) ≥ 0 such that φ t (t) ≤ ρφ(t) + η(t) for 0 ≤ t ≤ T , where ρ ≥ 0 is some constant and η(.
Let (k n ) n≥0 , (p n ) n≥0 two non-negative sequences be given, g 0 ≥ 0 given also and let us suppose that the sequence (φ n ) n≥0 satisfies:
The dual mixed formulation
Introducing as new unknowns:
and the spaces:
we state the dual mixed formulation for our model hyperbolic equation
(Ω)) such that for all (τ, q) ∈ Σ 0 , for all (v, θ) ∈ M and for a.e. t ∈ [0, T ], we have
We conclude this section by introducing some notations. We set
With these notations, the mixed formulation (3.3) may be rewritten: find σ
Regularity of the solutions
, be the solution of (2.1). We consider the Lamé operator defined by
Thus, equivalently u is the weak solution of the problem (4.1)
It is well known (see [10] or [13, 14, 5] ) that the weak solution of the corresponding Lamé system of (4.1) presents vertex singularities. To describe them, we need to introduce the following notations: On this space, we also define the semi-norm:
Definition 4.2 For any scalar function
We consider also the spaces L 
Let us set ξ = min j=1,...,ne ξ j where Let us suppose that:
. From this and (4.6) we get 
Proof: By once more Theorem 30.1 p.442-443 of [20] , it follows that u ∈ H
). By the equation Lu (4) = f (4) − u (6) and the hypothesis f
, it follows by corollary 2.4 p. 326 of [10] 
). This implies the above assertions.
The semi-discrete mixed formulation
We assume that Ω is discretized by a regular family of triangulations (T h ) h>0 in the sense of [4] . If T ∈ T h , then we denote by h T its diameter. By abuse of notation ( [4] , remark 17.1 p. 131), h denotes also max T ∈T h h T (the real meaning of h is indicated by the context). We introduce the finite dimensional subspaces Σ 0,h and V h × W h of Σ 0 and M respectively defined by
and θ h|T ∈ IP 1 (T )}.
, we mean that there exists polynomials on T of degree ≤ 1 :
where b T denotes the bubble function for the actual triangular element T defined by 3 denote the barycentric coordinates on T . Now we introduce the following semidiscretized problem: 
We may think to u 0,h and u 1,h as approximations in V h of u 0 and u 1 respectively . The initial conditions u 0,h and u 1,h will be specified later. With the notations (3.4) and (3.5), the semi-discretized problem (5.3) may be rewritten:
t ∈ [0, T ], we have:
The existence and uniqueness of a solution ((σ h (.), p h (.)), (u h (.), ω h (.))) of (5.3) or equivalently to (5.4) are shown in the following lemma:
.3) or equivalently to (5.4) exists and is unique.
Proof: The first and the second equation of the evolution problem (5.4) can be rewritten for a.e. t ∈ [0, T ] as
We may think the solution (σ
, for a fixed time, as a solution of the stationary problem: find (σ
. We consider the pair of operators (S h , T h ) defined by
).
The evolution problem (5.5) can be rewritten as
Let us show that the operator
Hence σ h = 0 and p h = 0 i.e.
By the first equation of (5.6), it now follows that:
The inf-sup inequality (5.10) yields 
Finally, we have proved that
follows:
If we consider a basis of the subspace V h , we obtain an inhomogeneous linear system of differential equations, and if furthermore we fix the initial conditions u h (0) and
Before discussing some error estimates between the exact solution and its elliptic projection, let us recall some auxiliary results [10] . Adapting the proof of Proposition 4.2 of [10] we obtain: Proposition 5.2 [10] There exists a strictly positive constant β * , independent of h, such that
Proposition 5.3 [10] The bilinear form a(., .) defined by (3.4) is coercive uniformly with respect to λ on
in other words
with a strictly positive constant C independent of λ > 0.
Adapting the proof of Proposition 4.4 [10] we obtain:
function like in Proposition 4.3. Then there exists an operator
We now recall from [10] three adequate refinement rules of grids imposing constraints on the diameters of the triangles of the triangulations according to their geometrical situation in order to recapture optimal order of convergence of the interpolates.
Let (T h ) h>0 be a regular family of triangulations on Ω. In the following, we will suppose that (T h ) h>0 satisfies some of the following refinement rules:
, (α has been defined just before Proposition 4.3); as usual h := max T ∈T h h T ;
( φ has been defined in Proposition 4.3 );
Remark 5.5 Regular families of meshes satisfying the refinement conditions R 1 − R 3 are easily built, see for instance [18] .
Corollary 5.6 [10] Under the hypotheses R 1 − R 2 , the following error estimate hold for every q ∈ H 0,1
where
Corollary 5.7 [10] Under the hypotheses R 1 − R 2 , the following error estimate hold for every τ
Lemma 5.8 Under the hypothesis R 3 on the regular family of triangulations
Proof: It suffices to apply definition 4.7 p. 333 of [10] of the Piola transformation, and a simple scaling argument completes the proof.
A priori error estimates
The elliptic projection error estimates
Our next purpose is to derive error estimates for ((σ h (t), p h (t)), (u h (t), ω h (t))). Firstly, we consider the "elliptic projection" of the exact solution. Let us introduce the following discrete elliptic projection problem:
With the notations (3.4) and (3.5), the discrete elliptic projection formulation (5.16) may be rewritten:
We are now in a position to establish optimal error estimates. In the following, we estimate the error between ((σ(.), p(.)), (u(.), ω(.))) the exact solution of the mixed problem (3.3) or equivalently (3.6) and (( σ h (.), p h (.)), ( u h (.), ω h (.)) the solution of the discrete elliptic projection problem (5.16) 
Proof: If we subtract (5.17) from (3.6), we get the system in the errors for a.e. t ∈ [0, T ]: 
(5.21) Thus due to proposition 5.3, we have
Using (5.13) and corollary 5.7, we get 
Proof: Let us consider the second derivative with respect to time of system (5.19):
Firstly, let us observe that with the same techniques as in Proposition 5.9, we get from (5.27), the following estimate:
which proves (5.24). To prove (5.25), we shall use the uniform inf-sup condition (5.10). Firstly, it follows from the first equation of (5.27) and (3.5) that
Thus by the uniform inf-sup condition (5.10), we have 624 of [7] ) and the triangle inequality. 
If instead, we consider third order derivatives with respect to t of the system of errors (5.19) , we obtain the following estimate for a.e. t ∈ [0, T ]:
Error estimates for the evolution problem
Before giving optimal error estimates for our mixed method, we choose the initial conditions u 0,h and u 1,h in the semi-discretized problem (5.3) or equivalently (5.4), as the elliptic projections of the initial conditions u 0 and u 1 respectively. We can now derive the following error estimates: 
be the elliptic projection of σ(t), p(t) , ω(t), u(t)
and set
We may then write the error system in the form
Our choose of the initial conditions for the semi-discrete problem implies that χ h (0) = 0 and χ h,t (0) = 0. Afterwards, from the first equation of (5.35) at time t = 0 with (τ h , q h ) = (ε h (0), r h (0)) and the fact that (as (ε h (0)), θ h ) = 0, ∀θ h ∈ W h , follows that ε h (0) = 0 and r h (0) = 0.
We then differentiate the first equation of (5.35) with respect to time to obtain
The second equation of (5.35) with (v h , θ h ) = (χ h,t (t), ψ h,t (t)) gives
Substracting (5.38) from (5.37) gives 1 2µ
Using the Cauchy-Schwarz inequality to bound the right-hand side of (5.39) we obtain 1 2µ
Now applying the Gronwall's inequality (2.4) to (5.40) we get
Thanks to (5.26) one can write Taking the square root of (5.41) and using assumption (2.3) on λ and µ gives us
Therefore, (5.42), (5.18) and the triangle inequality, we get
Taking the supremum over all t ∈ [0, T ] in this last inequality we get (5.32).
Proceeding similarly as in the proof of Proposition 5.10, we get:
This last inequality combined with (5.43), (5.13) and the triangle inequality we get
Taking the supremum over all t ∈ [0, T ] in this last inequality we get (5.33) . Using furthermore the bound on the error of the P 0 h projection (1.47) p.27 of [6] (or (45) p. 624 of [7] ) and the triangle inequality, we obtain (5.34).
6 The fully discrete mixed finite element scheme , and we define the following discrete temporal derivatives:
We can easily see that we have 
The explicit Newmark scheme
The explicit-in-time discrete mixed formulation is as follows:
The existence and uniqueness of a solution to problem (6.4) is provided by the following lemma:
) of (6.4) exists and is unique.
Proof: Let us consider n ≥ −1. With every (σ
Let us call this mapping T n h ; it is a linear mapping from Σ 0,h ×W h into its dual. We have to prove that T n h is bijective. But the arrival and departure spaces have the same dimension. Thus, by a well known theorem of linear algebra it suffices to prove that T n h is injective.
From (6.6), it follows that (as (σ 
is the constant of the inf-sup condition defined in (5.10).
Proof: Subtracting from the first equation of (6.4) at time (n + 1)∆t, the same equation at time (n − 1)∆t, we obtain for all (τ h , q h ) ∈ Σ 0,h : (6.10 ) and using the fact that (as (σ
The third equation of (6.4) with
), Adding (6.12) and (6.11) yields
It follows from (6.1): (6.14)
Now we are going to transform the two last terms in the left hand side of this last equation. We have
Using these two last equalities, we can write
In the same way, we get:
Using the two previous identities, the equation (6.15) can be rewritten:
Summing the equations (6.16) from n = 1, . . . , N , we obtain:
Subtracting from the first equation of (6.4) at time (N + 1)∆t, the same equation at time N ∆t, we obtain for all (τ h , q h ) ∈ Σ 0,h :
) and, applying Cauchy-Schwarz inequality and inequality (5.15), we obtain:
From (6.17) we get
Thus (6.18) becomes 20) due to our hypothesis that the time step ∆t is < 1. Let us note that by
h 2β > 0. Inequality (6.20) implies a fortiori:
Discrete Gronwall's inequality (2.6) to (6.22) yields
, which is inequality (6.8). Inequality (6.9) follows from the equation
by the inf-sup condition (5.10).
Inequalities (6.8) and (6.9) imply that the quantities u
,Ω are bounded independently of N , therefore proving the stability of the explicit scheme defined by (6.2) -(6.4) under the CFL condition: ∆t < min(
A priori error estimates for the fully discrete explicit scheme
We shall prove the following optimal error estimates between the solution of the fully discrete explicit-in-time mixed finite element problem and the solution of the continuous problem:
regular family of triangulations on Ω . We suppose that (T h ) h>0 satisfies to the refinement rules R1 -R3. Under the hypotheses of Proposition 4.4 and ∆t < ζ
with 0 < ζ < 1, the following error estimates hold
where σ
From (6.4) and (5.16) follows that these quantities are linked by the system of equations for all (τ h , q h ) ∈ Σ 0,h , for all θ h ∈ W h and for all v h ∈ V h :
Note that ε If we apply the difference operator ∆ t to the first equation of (6.27), we obtain:
in this last equality and using the second equation of (6.27), we obtain
The last equation of (6.27) with v h = 1 2
Subtracting (6.30) from (6.29), we get
) .
We expand (6.31) to get 1 2µ
(6.32)
Multiplying (6.32) by 2∆t, replacing n by j and summing these equations from j = 0 to n − 1 yields 
By the Cauchy-Schwarz inequality and the inverse inequality (5.15), and as ∆t < ζ
by hypothesis, we obtain
As 0 < ζ < 1, it follows from (6.34) using the preceding inequality:
Taking the supremum on n on the left-hand side of (6.36) we get
And hence, we have found:
.
From the continuous in time error estimate (5.26), we obtain
and by a similar argument as the one used in remark 5.11:
By the stability condition (6.21) we can write
Summing these last inequalities from j = 0 to j = N − 1, we get
(6.39)
Using once again Taylor expansion with integral remainder, but up to the third order term this time, we get:
(6.41) By (6.39) and (6.41), (6.37) becomes
By the triangle inequality and taking the supremum on t in (5.18), we then find
By the inf-sup inequality (5.10) and the triangle inequality, we get
Taking the supremum on n, we get
Using the P 1 h -projection error inequality (5.13), we hence find
The triangle inequality and the P 0 h -projection error inequality (1.47) p.27 of [6] (or (45) p. 624 of [7] ), give us
Implementation and numerical results
In this section we will confirm our theoretical analysis by numerical tests. We begin by introducing the so called "Hybrid formulations" [3, 11, 17] 
Explicit-in-time scheme
Let us mention that our explicit in time scheme (6.2) -(6.4) is fast and easy to implement. In order to fit the complex geometry of the boundary, the mesh which must be moreover refined accordingly to the rules R 1 -R 3 , will usually contain elements of very small size, which implies, because of the CFL stability condition, the use of a very small time step. Thus the explicit scheme is essentially appropriate when we are interested only by the behaviour of the solution for a short time after the initial time. , and then each square of sidelength 1 n is divided into two triangles (see figure 1 where we have chosen n=10 ). The second kind of meshes (refined meshes) are obtained from the first ones by refinement near the reentrant corner (0, 0) according to Raugel's procedure [18] in order to satisfy to the refinement rules R 1 , R 2 , R 3 stated just after proposition 5.4. Namely, Ω is divided into six big triangles; on the three ones which do not contain (0, 0), a uniform mesh is used; on the other hand each big triangle admitting (0, 0) as a vertex is divided into strips according to the ratios ( curves yield the order of convergence O(h) for refined meshes (see figure 4) according to the theoretical results, and O(h 2 3 ) for uniform meshes (see figure 3 ) due to the singular behavior of the solution. In Table 1 and Table 2 , we summarize the results on the errors for uniform meshes and refined meshes respectively.
Conclusion
We have constructed and analyzed a finite element method for approximating the elastodynamic system using the dual mixed formulation for spatial discretization and an explicit Newmark scheme in the time variable. In our analysis, we take into account the singularities of the solution due to the geometric singularities of the boundary. Optimal order L ∞ -in-time and L 2 -in-space a priori error estimates are derived and a quadratic convergence rate in time for the fully discretized scheme has been established for the explicit Newmark numerical scheme. As mentioned in the introduction, we will present, in [2] , the analysis of the method proposed in this paper by using an implicit Newmark scheme for the time discretization. 
